We propose the concept of Diederich-Fornaess and Steinness indices on compact pseudoconvex CR manifolds of hypersurface type in terms of the D'Angelo 1-form. When the CR manifold bounds a domain in a complex manifold, under certain additional non-degeneracy condition, those indices are shown to coincide with the original Diederich-Fornaess and Steinness indices of the domain, and CR invariance of the original indices follows.
Introduction
In geometric analysis on complex manifolds, it is often crucial to extract plurisubharmonic functions from given geometric conditions. The celebrated example is Oka's lemma [19] stating that the logarithm of the reciprocal of the distance to pseudoconvex hypersurfaces in Euclidean spaces is plurisubharmonic, which was an important step in the solution to the Levi problem for unramified domains over Euclidean spaces.
Diederich and Fornaess [10] strengthened this result showing that any smoothly bounded pseudoconvex domain Ω in a Stein manifold admits negative strictly plurisubharmonic function in Ω which is bounded exhaustive. Roughly speaking, the Diederich-Fornaess index of the domain is the supremum of the Hölder exponents of these exhaustions near the boundary, and measures how well the pseudoconvex boundary can be approximated by strictly pseudoconvex hypersurfaces from inside of the domain.
In [21] , the second author introduced the Steinness index as its counterpart in approximations from the outside of the domain. Roughly speaking, the Steinness index of the domain Ω is the infimum of the Hölder exponents of positive strictly plurisubharmonic functions in Ω ∁ which approaches to zero on the boundary M = ∂Ω.
For smoothly bounded pseudoconvex domains in C n , Liu [17] found a differential inequality on the set of weakly pseudoconvex points that expresses the Diederich-Fornaess index of the domain. Exploiting Liu's idea, the second author [21] , [22] completely characterized both the Diederich-Fornaess and Steinness indices of smoothly bounded pseudoconvex domains in C n by inequalities in terms of a 1-form, called the D'Angelo 1-form (See §2 for definition), which is a CR invariant of the boundary.
On the other hand, the first author [1] , [2] studied the Diederich-Fornaess index for smoothly bounded domains with Levi-flat boundary, and noticed that the index can be non-trivial, and is a CR invariant of the Levi-flat boundary when the normal bundle of the Levi-flat real hypersurface is positive (See §6 for its detail). Note that it is impossible for smoothly bounded domains in C n to have entire Levi-flat boundary, hence, this kind of domains must live in complex manifolds. Now it is natural to ask the following question.
Question. Consider smoothly bounded pseudoconvex domains in complex manifolds. Is it true that the Diederich-Fornaess and Steinness indices of the domain are determined by CR structure of the boundary?
To approach this question, we define the Diederich-Fornaess and Steinness indices for abstract compact CR manifolds of hypersurface type based on the formulae found in [22] . As we will see later by a simple counterexample (Example 5.1), we need to distinguish whether positivity or semi-positivity is required to define the indices, hence, we have the following 4 kinds of definitions for each index (See Definition 4.1 for precise definitions):
• DF s (Ω), S s (Ω): the Diederich-Fornaess and Steinness indices in the strong sense for a smoothly bounded domain Ω; • DF w (Ω), S w (Ω): those in the weak sense for a smoothly bounded domain Ω; • DF s (M), S s (M): those in the strong sense for a compact pseudoconvex CR manifold M of hypersurface type; • DF w (M), S w (M): those in the weak sense for a compact pseudoconvex CR manifold M of hypersurface type. Our first theorem gives a general relation among these indices.
Let Ω be a relatively compact domain in a complex manifold M with smooth pseudoconvex boundary M. Then the following inequalities hold.
Our second theorem gives sufficient conditions for these 4 kinds of indices to agree, hence, answers our Question affirmatively for some typical pseudoconvex domains (See Corollary 5.4).
Theorem 2.
Let Ω be a relatively compact domain in a complex manifold M with smooth pseudoconvex boundary M. Assume that there exists a positive trivialization
Theorems 1 and 2 not only give a generalization of previously known formulae for the indices, but also give an alternate proof for the formulas discussed in [17] , [21] and [22] . The formulae in these works were derived via the differential geometric argument of Liu [17] , and the proof relied on the fact that Euclidean metric is torsion-free and has flat curvature. Our proof does not use hermitian metrics nor Chern connection, and shows that this differential geometric property of the ambient space M = C n is not actually needed.
Also, we would like to emphasize that the Kohn weight, z 2 on C n , played an important role in the proof of the formula for the Diederich-Fornaess index in [17] . Theorem 2 relaxes this point by replacing the existence of strictly plurisubharmonic exhaustion on the ambient manifold M with non-degeneracy of ∂ b ω η , which is a condition on third order derivatives of defining functions when M is realized as a real hypersurface. We do not know whether CR invariance of the Diederich-Fornaess and Steinness indices for smoothly bounded pseudoconvex domains is true without such an additional assumption on the boundary.
The organization of this paper is as follows. We recall the definition of D'Angelo 1-form in §2, in particular, show that it has CR invariance for the null direction of the Levi form. In §3, we express the D'Angelo 1-form in coordinates when a CR manifold is embedded in a complex manifold as a real hypersurface. Using this expression, we prove Theorem 1 in §4. In §5, we prove Theorem 2 that gives some sufficient conditions for the indices for domains and CR manifolds to agree. In §6, we explain the geometric meaning of our formula when our domain has Levi-flat boundary.
for any X, Y ∈ Γ(T 1,0 M ⊕ T 0,1 M ). From the integrability condition (1) which we assumed for CR manifolds, it is clear that the following holds.
In this paper, we exploit the integrability condition (1) only via Lemma 2.2. In fact, the partial integrability condition (2) [
2. An almost CR manifold M is said to be a partially integrable CR manifold if M enjoys the partial integrability condition (2) instead of (1) . We note that all the definitions and results in this section still work on partially integrable CR manifolds, and the definitions of DF s (M), DF w (M), S s (M) and S w (M), which will be given in Definition 4.1, apply for compact pseudoconvex partially integrable CR manifolds of hypersurface type.
Let T ∈ Γ(C ⊗ T M) be a non-vanishing smooth vector field on M such that η(T ) = 1. This complexified vector field T is purelyimaginary and yields a decomposition
We call such T as a transversal vector field normalized with respect to η.
where T is a transversal vector field normalized with respect to η, X ∈ Γ(T M) is an arbitrary smooth extension of X p ∈ T p M and L denotes the Lie derivative.
Since α η is a real 1-form and enjoys α η (T ) = −dη(T, T ) = 0, it is natural to consider the complex linear extension of α η on C ⊗ T M and decompose it by its (1, 0)-component ω η and (0, 1)-component ω η , that is,
We call ω η the D'Angelo (1, 0)-form with respect to η. Note that for a given trivialization η, since a transversal vector field T normalized with respect to η is not unique, ω η depends on the choice of T . However, ω η is well-defined on N as follows.
Lemma 2.5. The D'Angelo (1, 0)-form ω η restricted on N is independent of the choice of T .
Proof. Let T and T ′ be transversal vector fields normalized with respect to η. Then X :
Next, we consider (1, 1)-form ∂ b ω η on M, where ∂ b denotes the tangential Cauchy-Riemann operator. We will see its geometric meaning later in Proposition 3.2 and §6. We may identify this (1, 1)-form with
Assume that M is pseudoconvex. Then, the followings hold.
(1) The (1, 1)-form ∂ b ω η induces a hermitian form on N p for each p ∈ M; (2) This hermitian form is independent of the choice of T .
The first part follows from a crucial property of D'Angelo 1-form found by Boas and Straube [4] : Proposition 2.7 (Boas and Straube [4] ). If M is pseudoconvex, dα η (X p , Y p ) = 0 holds for any p ∈ M and X p , Y p ∈ N p ⊕ N p . Remark 2.8. Proposition 2.7 is also true for partially integrable pseudoconvex CR manifolds because the same proof as in [4] works.
Proof of Lemma 2.6. (1) Let L p , L ′ p ∈ N p and take their extensions
. This is zero from Proposition 2.7, hence, it holds that
(2) Let T and T ′ be transversal vector fields normalized with respect to η. Then X := T − T ′ ∈ Γ(T 1,0 M ⊕ T 0,1 M ). We take L p ∈ N p and its smooth extension L ∈ Γ(T 1,0 M ). Then
Therefore, we would like to show the vanishing of We see the relation between D'Angelo 1-forms of η and η as follows.
Lemma 2.9. The following relations hold.
Proof. Let T be a transversal vector field normalized with respect to η. Then ϕ −1 T is a transversal vector field normalized with respect to ϕη. Take X p ∈ T p M and its smooth extension X ∈ Γ(T M). Then
Therefore, α ϕη = α η + d log |ϕ|, and this implies
Defining function and D'Angelo 1-form
When our CR manifold M is realized in a complex manifold M as a boundary of a domain, we can describe the D'Angelo 1-form in terms of the defining function ρ of the domain Ω.
Let Ω be a relatively compact domain in a complex manifold M with smooth boundary M. Let ρ a smooth defining function of Ω, that is, a smooth function ρ : M → R satisfies Ω = {ρ < 0} and dρ = 0 on M. The CR structure of M is given by ker ∂ρ and we can trivialize
Hence, for a given transversal vector field T normalized with respect to η ρ , we can write down
We denote α ηρ and ω ηρ by α ρ and ω ρ , respectively.
Note that for a given positive trivialization η, we can find a defining function ρ such that η = η ρ as below, and express every α η as α ρ using a defining function ρ.
Proof. Take a transversal vector field T normalized with respect to η. Then, iT is a real vector field along M, hence, X := −JiT /2 is an outward normal vector field of M in M, where J : T M → T M is the complex structure of M . We extend X as a non-vanishing smooth vector field on an open neighborhood of M in M , and consider the flow generated by X, Φ : M × (−δ, δ) → M . Since X is non-vanishing along M, this map gives a diffeomorphism between M × (−δ, δ) and an open neighborhood W of M for enough small δ > 0. It is clear that
Now we claim that η = η ρ holds. Since both η and η ρ are positive trivializations, there exists ϕ ∈ C ∞ (M) such that η = ϕη ρ . From the construction of ρ, we have Xρ = 1 on M, hence,
Here, we used d c = −J * d when it acts on smooth functions. Therefore, ϕ = η(T )/η ρ (T ) = 1 and we conclude that η = η ρ . Now assume that our M is pseudoconvex and p ∈ M is a weakly pseudoconvex point, i.e., N p = 0. We shall describe the hermitian forms ∂ b ω ρ and ω ρ ∧ ω ρ on N p in terms of the given definition function ρ by choosing a suitable local coordinate and a transversal vector field T .
Take a local holomorphic coordinate (U, z = (z ′ , z n ) = (z 1 , z 2 , . . . , z n )),
M from the definition of the tangential Cauchy-Riemann operator. We have a local description for the hermitian forms on N p ,
Since Proposition 2.7 yields
we see that our ∂ b ω ρ actually gives a hermitian form on N p :
Using this local description, we see a geometric interpretation of ∂ b ω ρ : the strict positivity of ∂ b ω ρ corresponds to certain strong plurisubharmonicity of − log(−ρ) on Ω. 
Proof. Let p ∈ M and L p ∈ N p . Take a local holomorphic coordinate (U, z = (z ′ , z n ) = (z 1 , z 2 , . . . , z n )), z j = x j +iy j , of M such that z(p) = 0 and (dρ) p = (dy n ) 0 . By a change of the local coordinate, we may assume L p = ( ∂ ∂z 1 ) 0 and
for any j, k = 1, 2, . . . , n without loss of generality. From the local expression of ∂ b ω ρ , we have
thanks to the choice of our local coordinate. We would like to show the lower bound of this derivative from the strong Oka condition. We extend L p to
Consider its value at z = (0, . . . , 0, iy n ). Then, taking its limit as y n ր 0 yields
Here we used our choice of the local coordinate
hence,
Therefore, we conclude
Diederich-Fornaess index and Steinness index
In [22] , the second author completely characterized the Diederich-Fornaess index and Steinness index of Ω in terms of D'Angelo 1-form when Ω is a smoothly bounded pseudoconvex domain in C n . In this section, we would like to generalize this result for a smoothly bounded pseudoconvex domain in a complex manifold. However, it turns out that this generalization does not hold anymore and need some conditions on the boundary of the domain (see Example 5.1). For this, we introduce 4 kinds of the Diederich-Fornaess indices and the Steinness indices, respectively. 
respectively. The Steinness index of M in the strong and weak sense are defined by
where η runs all the positive trivialization of M.
If the supremum or infimum does not exist, then we define the corresponding Diederich-Fornaess index to be 0 or the Steinness index to be ∞, respectively. Remark 4.5. There is another possibility to extend the notion of these indices by relaxing boundary regularity. Chen [7] introduced a Diederich-Fornaess type index, called hyperconvexity index, for hyperconvex domains in C n . Harrington [15] introduced another weaker version of the Diederich-Fornaess index, called the weak Diederich-Fornaess index, for bounded pseudoconvex domains in C n .
Our first theorem in this paper clarifies the relation that holds in general among these indices.
Theorem 1.
The theorem will follow from the following sequence of 4 lemmas. First, we shall show the inequalities for the indices in the weak sense by some limiting process to the boundary. We begin with showing that DF w (Ω) ≤ DF w (M). 
Proof. Let L p ∈ N p , p ∈ M, and take the holomorphic local coordinate (U, z) and vector field L q defined on U as in the proof of Proposition 3.2. From the local expression of ω ρ and the computation in the proof for Proposition 3.2, we have
Consider the vector field N = ∂ ∂zn on U. From the assumption, the matrix
is positive semi-definite on U ∩ Ω. In particular, det H ≥ 0 on U ∩ Ω.
We shall evaluate each element of H at z = (0, . . . , 0, iy n ) and estimate its limiting behavior as y n ր 0. From
and the computation in the proof for Proposition 3.2, we have
For the off diagonal entity, we have
For the other diagonal entity, we have
Similarly, the inequality S w (M) ≤ S w (Ω) can be confirmed as follows. 
Proof. Let L p ∈ N p , p ∈ M, and take the holomorphic local coordinate (U, z) and vector fields L q and N q defined on U as in the proof of Proposition 4.6. From the assumption, the matrix
We shall evaluate each element of H at z = (0, . . . , 0, iy n ) and estimate its limiting behavior as y n ց 0. From ∂∂ρ γ γρ γ = ∂∂ log ρ + γ∂ log ρ ∧ ∂ log ρ, and the computation in the proof for Proposition 3.2, we have
must be non-negative.
Next we shall show the inequalities for the indices in the strong sense. These inequalities are subtler than those in the weak sense since we have to preserve the strict positivity. Let us show the inequality DF s (M) ≤ DF s (Ω). 
Then, any smooth defining function ρ of Ω such that η = (∂ρ − ∂ρ)/2 has Diederich-Fornaess exponent γ.
Proof. It is enough to check i∂∂(−(−ρ) γ ) > 0 locally in the following sense:
Claim. Let p ∈ M and (U, z) be a holomorphic local coordinate around p so that z(p) = 0, (dρ) p = (dy n ) 0 and
for any j, k = 1, 2, . . . , n. Then, i∂∂(−(−ρ) γ ) > 0 holds on {(0, . . . , 0, iy n ) | 0 < −y n ≪ 1}.
Note that such a local coordinate can be taken smoothly with respect to p ∈ M, namely, we have a smooth map ϕ(p, z) : S × U → M such that each ϕ(p, ·) : U → M gives local holomorphic coordinate around p satisfying the above condition, where p ∈ S ⊂ M and U ⊂ C n . Then, we put U := {(p, (0, . . . , 0, iy n )) ∈ S × U | |y n | ≪ 1}, which has the same real dimension as M , and restrict ϕ on U. From the inverse function theorem, we see that ϕ| U gives a diffeomorphism from (p, 0) ∈ V ⊂ U to p ∈ ϕ(V ) ⊂ M . The Claim states that i∂∂(−(−ρ) γ )) > 0 holds on ϕ(V ) ∩ Ω. Our M is covered by such open sets, hence, their union gives the desired W , for which i∂∂(−(−ρ) γ )) > 0 holds on Ω∩W . Now we start to show Claim. By a linear transformation, we may assume that N p ≃ C r × {0} ⊂ T 1,0 M,p ≃ C n−1 × R where r := dim C N p without loss of generality. We define a local frame of vector fields
. . , (L r ) p } forms a basis of N p and the Levi form λ p at p is positive definite on the subspace spanned by {(M 1 ) p , . . . , (M n−r−1 ) p }.
The components of ∂∂(−(−ρ) γ ) at z = (0, . . . , y n ) can be computed by a similar way to the proof for Proposition 3.2, and their boundary behavior is as follows:
=: a j,k for 1 ≤ j ≤ r and 1 ≤ k ≤ n − r − 1.
In short, the matrix H z representing ∂∂(−(−ρ) γ )/γ(−ρ) γ with respect to the local frame behaves asymptotically 
Then, any smooth defining function ρ of Ω such that η = (∂ρ − ∂ρ)/2 has Steinness exponent γ.
Proof. Consider the same local situation as in the proof of Lemma 4.8.
It is enough to show that i∂∂ρ γ > 0 holds on {(0, . . . , 0, iy n ) | 0 < y n ≪ 1}. From computation similar to the proof of Lemma 4.8, the matrix H ′ z representing ∂∂ρ γ /γρ γ with respect to the local frame behaves asymptotically
as y n ց 0, for some A ′ ∈ M(r, n − r − 1), B ′ ∈ C n−r−1 . Since
C(M k ) p , it follows that H (0,...,iyn) is positive definite for 0 < y n ≪ 1, and this completes the proof. 
Sufficient conditions for indices to agree
We begin this section with a simple counter-example where the indices in the strong and weak sense do not agree. 
Proof. Since η 0 and η 1 are non-vanishing, there exists a non-vanishing smooth function ϕ on M such that η 1 = ϕη 0 . Define
Then, by Lemma 2.9,
Combining those two equations yields
Proof of Theorem 2. In view of Theorem 1, it suffices to prove that
. Suppose that, for some 0 < γ 0 < 1 and positive trivialization η 0 ,
From Lemma 5.2, there exists η ǫ such that ω ηǫ = (1−ǫ)ω η 0 +ǫω η 1 for all 0 < ǫ < 1. We denote ω η 0 , ω η 1 and ω ηǫ by ω 0 , ω 1 and ω ǫ , respectively.
Then, for each 0 < γ < γ 0 ,
Now since γ < γ 0 , if we choose sufficiently small ǫ > 0, then
This implies that
Also, the assumption ∂ b ω 1 > 0 yields that
for sufficiently small ǫ > 0. Therefore,
The inequality S s (M) ≤ S w (M) can be shown in a similar manner. Suppose that, for some γ 0 > 1 and positive trivialization η 0 ,
From Lemma 5.2, there exists η ǫ such that ω ηǫ = (1−ǫ)ω η 0 +ǫω η 1 for all −1 < ǫ < 0. We denote ω η 0 , ω η 1 and ω ηǫ by ω 0 , ω 1 and ω ǫ , respectively.
Then, for each γ > γ 0 , it follows that (2) Assume that there exists a positive trivialization η of C⊗T M/T 1,0
Theorem 2 yields the both equalities of indices. When ∂ b ω η > 0 on N , it follows that for sufficiently small γ > 0,
When ∂ b ω η + ω η ∧ ω η < 0 on N , it follows that for sufficiently large γ > 1,
We give some classes of weakly pseudoconvex domains that satisfy ∂ b ω η > 0 on N . This gives a generalization of the result [22, Theorem 1.1] obtained by the second author previously. if one of the following conditions is satisfied:
(1) The ambient manifold M is Stein, in particular, when M = C n ;
(2) The domain Ω is Takeuchi 1-convex;
(3) The boundary M has positive Diederich-Fornaess index in the strong sense, i.e., DF s (M) > 0.
Here Takeuchi 1-convexity is defined as follows. 
Since the boundary ∂Ω is compact and i∂∂ϕ is positive on M , one can have ∂ b ω η > 0 (or ∂ b ω η < 0) on N by choosing sufficiently negative r < 0 (or sufficiently positive r > 0, respectively).
(2) When Ω is Takeuchi 1-convex, the existence of a positive trivialization η with ∂ b ω η > 0 on N follows from Proposition 3.2, hence, the conclusion follows. In fact, this argument gives another proof for the first case since any smoothly bounded pseudoconvex domain Ω in a Stein manifold is Takeuchi 1-convex (see Harrington and Shaw [16, Theorem 1.4]; cf. Diederich and Fornaess [10] , and Ohsawa and Sibony [20] ).
(3) When DF s (M) > 0, the definition of the Diederich-Fornaess index in the strong sense implies the existence of positive trivialization η such that ∂ b ω η > 0 on N .
Remark 5.6. Takeuchi 1-convexity is much weaker than being in a Stein manifold. Actually, Diederich and Ohsawa [11] observed that certain smoothly bounded domain with Levi-flat boundary, which cannot be realized in a Stein manifold due to the maximum principle, can be Takeuchi 1-convex. By Ohsawa and Sibony [20] , Takeuchi 1-convexity is a sufficient condition for Ω to have positive Diederich-Fornaess index in the strong sense. We do not know whether it is also a necessary condition, although the first author had claimed it in [1, Theorem 2.4] by error. We refer the reader to a recent survey by Fu and Shaw [12] .
Before closing this section, we remark that an embedded compact complex manifold gives an obstruction for the positivity or negativity of ∂ b ω η on N .
For a Levi-flat CR manifold M, the bundle C ⊗ T M/(T 1,0 M ⊕ T 0,1 M ) is called the normal bundle of the Levi foliation, and we denote it by N 1,0 M . We fix a foliated atlas of M, say, {(U µ , ϕ µ )} where ϕ µ = (z µ , t µ ) : U µ → D n × (−1, 1) are positively oriented foliated charts. These coordinates change in the way that
on U µ ∩ U ν and z µ is holomorphic in z ν . Using these charts, N 1,0 M is locally trivialized by ∂/∂t µ on U µ and the transition function from U ν to U µ is given by dt µ /dt ν , which is constant on each plaque ϕ −1 ν (D n ×{t ν }). Hence, the restriction of N 1,0 normalized with respect to η. Thanks to Lemma 2.5, the D'Angelo (1, 0)-form is
for p ∈ U µ and X = X j ∂/∂z j µ ∈ Γ(T 1,0 M ). Since the connection form is ∂ b log h µ , the proof is completed. Remark 6.2. In [1] , [2] and [3] Proof. We define η using the hermitian metric h of N 1,0 M with positive leafwise curvature. Then, since the (1, 1)-form ∂ b ω η is exactly the half of the leafwise curvature form i∂ b ∂ b log h of N 1,0 M , which is assumed to be positive, Theorem 2 applies. When dim C Ω ≥ 3, Corollary 6.3 is still logically correct, but there is no such example due to the following theorem of Brinkschulte [5] :
Let M be a complex manifold of dimension ≥ 3. Then, there does not exist a compact Levi-flat real hypersurface M in M whose normal bundle admits a smooth hermitian metric with positive leafwise curvature. Proof. If DF s (M) > 0, then there must be a trivialization η such that ∂ b ω η > 0. However, this requires a hermitian metric h η of the normal bundle with positive leafwise curvature, and this is impossible by Brinkschulte's theorem.
We do not know whether we can relax the assumption in Corollary 6.3 to the weaker condition that DF s (Ω) > 0 as the first author had claimed in [1, Theorem 1.1]. We also do not know whether there is a smoothly bounded domain Ω with Levi-flat boundary and DF s (Ω) > 0 in a complex manifold of dimension ≥ 3.
For Steinness indices, we have some restrictions to their values for compact Levi-flat CR manifolds. First, we observe that Steinness indices in the strong sense must diverge for domains with Levi-flat boundary. Proposition 6.6. Let Ω be a relatively compact domain in a complex manifold with smooth Levi-flat boundary M. Assume that dim C Ω ≥ 2. Then, it holds that S s (Ω) = S s (M) = ∞.
Proof. Since S s (Ω) ≤ S s (M) from Theorem 1, it suffices to show S s (Ω) = ∞. Suppose that S s (Ω) < ∞. We have a defining function ρ of Ω such that ρ γ is strictly plurisubharmonic on Ω ∁ ∩ W for some γ > 1 and W ⊃ M. Then, for some δ > 0, the sublevel set Ω δ := ρ −1 (−∞, δ) is contained in Ω ∪ W and has smooth strictly pseudoconvex boundary. From Grauert's solution to the Levi problem on complex manifolds [13, 14] , Ω δ is a proper modification of a Stein space, hence, cannot contain a closed Levi-flat real hypersurface M. This is a contradiction.
We shall show that S s (M) = ∞ is still true for an abstract Levi-flat CR manifold M adapting the argument in [2, Lemma 1]. Lemma 6.7. Let M be a compact Levi-flat CR manifold of dim R M = 2n + 1 ≥ 3, and η a trivialization of N 1,0 M . If ∂ b ω η − 1 n ω η ∧ ω η ≤ 0 everywhere, then, (∂ b ω η − 1 n ω η ∧ ω η ) n = 0 everywhere.
